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On Bounded Engel Elements in Groups* 
1. INTR~DIJ(.~~~~N 
It is the objective of this note to clarify the situation of the bounded left 
Engcl elements and bounded right Engel elements in groups whose Abelian 
subgroups arc artinian. A group G is called artinian if the subgroups of G 
satisfy the nCnimum condition. Since by [7; Satz, p. 3211 hounded right 
Engel elements of a group G are hounded left Engel elements of G, \VC call 
the element ,y of G a bounded Enget clement of G if C~ is a bounded left or 
a bounded right Engel element of G. It is well known (cp. [2], Satz L’, 
Satz K’, p. 257) that in a group with maximum condition on subgroups, the 
set of all Engel elements coincides with the set of all bounded Engel elements 
and forms thr: maximal nilpotcnt normal subgroup, while the set of all right 
Engel elements coincides with the set of all bounded right Engel clcmcnts 
and forms the hypercenter of the group. However, unlike the situation in 
the groups studied in [2] it is here quite ljossible that the set of all Engcl 
clcmcllts contains properly the set of all lwundcd Engcl elements, because 
there arc artinian p-groups which arc hyiwrcentral but not nilpotcnt. Our 
main results may be sruiimarizcd in the following theorems. 
‘ITHEOIZIL~I 2. Let ,JJ be an element of n group G such that the A-lbelicul sub- 
groups of { g”] are artinian. If g is u hounded r&ht Engel element of G, then 
i R ‘I is of finite class in G. 
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As an immediate consequence of these theorems we obtain the following 
corollaries. 
COROLLARY 1. If the Abelian subgroups of the group G are artinian, then 
(I) the set of all bounded Bngel elements of G coincides with the nilradical 
of G, 
(II) the set of all bounded right Engel elements of G coincides with the oath term 
of the ascending central chain of G. 
COROLLARY 2. If the element g of the group G is a bounded Engel element 
of G, then {g”} is finite and nilpotent if, and only if, the Abelian subgroups of 
f  UC: A aye artinian. 
I. 1. Remark. Theorem 1 is a generalization of a result obtained by 
K. LY. Gruenberg (cp. [6], p. 439), which asserts that an artinian group all 
of whose elements are bounded Engel elements is nilpotent. It seems to be 
an unsolved problem whether artinian groups are hypercentral if they are 
generated by their Engel elements. The best that can be said is probably 
the following (cp. [8], Satz 1, p. 50): an artinian group G is hypercentral if, 
and only if, the two generator subgroups of G can be generated by their 
Engel elements. The general conjecture, that a group is locally nilpotent 
provided it is generated by its Engel elements, is false, since examples 
abound (cp. [4], p. 274, footnote). 
1.2. Remark. It seems worth noting that one easily obtains results 
analogous to Theorem I and Theorem 2 using [2; Satz R, p. 2571, [lo; 
Theorem 1, p. 1331 and a well known theorem of Rlal’cev [II; 11.1.2, p. 1331 
if one omits the term “bounded” and substitutes the term “noetherian” 
for “artinian,” namely: 
1. If the A belian subgroups of the group G are noetherian and if G is ge.rzerated 
by its Engel elements, then G is noetherian and nilpotent; 
2. Let g be an element of a gvoup G such that the ilbelian subgroups of { g"> 
aye noetherian. If 4 is a right Engel element of G, then {g”> is of$nite class in G. 
2. DEFINITIONS AND NOTATIONS 
G is nilpotent, if the lower central series terminates with 1 after a finite 
number of steps. 
G is locally nilpotent, if every finitely generated subgroup is nilotent. 
G is soluble, if the derived series terminates with I after a tinite number 
of steps. 
G is hypcrcentral, if every nontrivial cpimorphic image of G possesses a 
nontrivial center. 
bG = intersection of all subgroups of G of finite index in G. 
6G =- nilradical of G = set of all elements R of G such that there exists 
a finite normal chain which connects j ,F) with the whole group. UG is always 
a subgroup of G; see [I; Satz 2, p. 4181. 
3G -: center of G. 
n,G -. wth term of the ascending central chain of G. 
PG = set of all a E G such that {x) is for every x E G connected with 
{aG ,x} by a finite normal chain the length of which is independent of x. 
pG is always a subgroup of G; set [5; Lemma 9, p. 1591. 
rZ -3 G -= L4 is a normal subgroup of G. 
s 0 y = s-ly-lxy, 
.x(O) 0 y = y, .y(i) 0 y = .I? i, (,(f 1) :, y). 
The element x of G is a 
‘left Engel i I right Engel \ element of G, if for every g E G 
almost all elements 
Asi’ 0 g 
i t g’i’ 0 3L’ 
equal 1. 
The element x of G is a bounded 
I 
left Engel 1 
right Engel i 
element of G, if there 
I x 
(Ill 
exists a fixed integer n such that 
g -r: 1 
’ for every g e G. /‘$A”’ ! x := ] \ 
The reader will notice that there is a difference between Gruenberg’s 
definition of Engel elements and our’s, but [8; Lemma I, p. 521 shows that 
this is not relevant for our considerations. 
A _ B 2 .4 f.: B1 z the group generated by all a 1 b for a E A and b t B. 
The normal subgroup z4 of G is of finite class in G, if the series 
A Gili -= (4 - G”) C: G terminates with I after a finite number of steps. 
3. PROOF OF THE 'I'HEOREMS 
3.1. Two preparatory lemmas are needed for our proofs. 
LEMMA 1. I f  the central quotient group of the artinian group G is finite, 
then G contains only a finite number of elements of any given order. 
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Pt~of. Since G is artinian [G : bG] is finite. By hypothesis bG is contained 
in JG and possesses no subgroups of finite index. Hence bG is a direct 
product of a finite number of groups of type Z(p”) for some prime numbers p 
(cp. [Y], p. 156). Hence bG contains only a finite number of elements .r: 
with x” = 1 for a given integer n :- 0; see [3; p. 241. To prove that G 
contains only a finite number of elements of order n, it suffices to show 
this for every coset ybG. If ybG contains elements of order II we may assume 
that o(y) = n. Let x in ybG be of order n. Then x := y  d(x) with d(x) E bG 
and 
1 = x” = y” d(x)” = d(x)“, 
because bG is in the center of G. But there are only finitely many choices 
for d(x), and so there are only finitely many elements of order n in ybG. 
This proves the lemma. 
I,EMMA 2. If g(n2) o x = 1, then ( g!‘)trn) o XI :: 1. 
This is obvious as 
3.2. Proof of Theorem 1. Assume that G is a group satisfying the condi- 
tions of Theorem 1. We first prove that the theorem is true under the addi- 
tional hypothesis that G is locally nilpotent. I f  G is a locally nilpotent group 
whose Abelian subgroups are artinian, then G is an artinian group po:;sessing 
an Abelian normal subgroup with finite nilpotent quotient group (cp. [Z2], 
Folgerung 3.3, p. 26). Hence G is soluble. Since G is generated by its bounded 
Engel elements, application of [5; Theorem 4, p. 1601 yields G =- GG. 
Now, [I; Satz 2, p. 4321 shows that G is an artinian group with finite nilpotent 
central quotient group. 
Finally we have to show that a group G is locally nilpotent if it satisfies 
the conditions of the theorem. Let g be a bounded Engel element of G. 
Then sz is by Lemma 2 a bounded Engel element of G for every x t G. 
The application of [/O; Lemma 2, p. 1331 yields the existence of a finite 
or denumerably infinite series of nilpotent subgroups Hi of G with the 
following property: 
(P) i RS = HI ; either H, in G or ZZi u {Hi ,R”} with g” $ Z3; for a 
suitable x t G. 
1,et H = ui Nj . Th en His locally nilpotent, and it follows from Lemma 2 
that H is generated by its bounded Engel elements. Hence ZZ is artinian 
with finite central quotient group. Since H is generated by conjugates of g, 
apphcatlon of Lemma 1 yields that H is finitely generated and is therefore 
a finite group (see e.g. [S; Lemma 6, p. 541). Thus it follows from (P) that 
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g is contained in the nilpotent normal subgroup II of G. This is true for 
every bounded Engel clement of G, and since G is generated by those 
elements it is locally nilpotent. Thus our theorem has been proved. 
Corollary 2 follows immediately from Theorem I, Lemma 1, Lemma 2 
and [8; Lemma 6, p. 541. 
3.3. Proof of Theorem 2. By Corollary 2 the normal closure (g”} of g 
in G is finite. It follows from [2; Satz R, 13. 2571 that { g”} is of finite class 
in G. 
3.4. Proof of Corollary 1. The set of all bounded Engel elements of G 
generates by Theorem I an artinian normal subgroup N of G with finite 
nilpotent central quotient group. Application of [1; Satz 2, p. 4321 yields 
N = a.iv and from N 4 G we deduce h’ C 6G. Conversely, let g be an 
element of 5G. Since 5G is by [I; Satz 2, p. 4321 a nilpotent normal subgroup 
of G, the element g is a bounded left Engel element of G. This proves (I). 
Let g be a bounded right Engcl element of G. It is a consequence of 
Theorem 2 that { gG} is of finite class in G. Hence {x} is connected by a 
normal chain with {g”, x} for every x E G and the length of the chain depends 
only on z. Therefore g is contained in PG. It is always true in any group, 
that PG is contained in the set of all bounded right Engcl elements of G 
(cp. [6; 1~. 4391). Therefore, in our case, PG is the set of all bounded right 
Engel elements of G. Application of [ci; Theorem 1.3, p. 4381 yields 
pG = ol,G, because the unique maximal locally nilpotent normal subgroup 
of G is artinian (cp. [12], Folgerung 3.3, p. 26). This proves (II). 
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